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Intertwined orders exist ubiquitously in strongly correlated electronic systems and lead to in-
triguing phenomena in quantum materials. In this paper, we explore the unique opportunity of
manipulating intertwined orders through entangling electronic states with quantum light. Using a
quantum Floquet formalism to study the cavity-mediated interaction, we show the vacuum fluctua-
tions effectively enhance the charge-density-wave correlation, giving rise to a phase with entangled
electronic order and photon coherence, with putative superradiant behaviors in the thermodynamic
limit. Furthermore, upon injecting even one single photon in the cavity, different orders, including
s–wave and η–paired superconductivity, can be selectively enhanced. Our study suggests a new and
generalisable pathway to control intertwined orders and create light-matter entanglement in quan-
tum materials. The mechanism and methodology can be readily generalised to more complicated
scenarios.
Introduction. The understanding and control of in-
tertwined orders in strongly correlated materials and
heterostructures are central issues in modern condensed
matter physics [1–6]. Floquet engineering is one of the
most promising pathways to effectively control inter-
twined orders in non-equilibrium [7–10]. By driving with
strong laser pulses, intriguing scenarios have been im-
plemented in quantum materials, such as apparent light-
induced superconductivity and an anomalous quantum
Hall effect [11–13]. Recently, an alternative pathway to
implement strong light-matter coupling has attracted in-
tense research interests. By coupling the system with an
optical cavity [14, 15], the material is placed in an electro-
magnetic environment similar to a laser-driven system,
holding the promise of engineering material properties
without generating excess heating [16–25].
Of particular interest are systems where competing
phases can be controlled via the quantum field. Beyond
the aspect of material control, strong light-matter cou-
pling in such a situation may lead to exotic hybrid phases
in which quantum states of different macroscopic nature
are entangled with the vacuum or single photons, sim-
ilar to experiments which have demonstrated entangle-
ment between clouds of individual emitters via photon
exchange [26]. A paradigmatic example is the competi-
tion of charge-density wave (CDW) and superconducting
(SC) phases for attractive electron-electron interactions,
as minimally described by the attractive Hubbard model
[27]. Classical Floquet engineering lifts the degeneracy
between CDW and SC phases, and provides pathways to
control the two phases separately [28, 29]. As there is
a clear analogy between Floquet engineering and quan-
tum electrodynamics [30, 31], one may speculate a similar
controllability of the competing phases in the attractive
Hubbard model via quantum light.
In spite of its similarity to Floquet engineering, the
coupling to vacuum fluctuations does not automatically
allow for the same degree of control over the material
properties. For example, the coupling to vacuum fluc-
tuations in the repulsive Hubbard model cannot reverse
the sign of exchange interactions [32], as possible with
Floquet engineering [33]. It is therefore interesting to an-
alyze the hybrid light-matter states both in the ground
state and the excited states of the cavity. A system-
atic theory of the cavity-coupled solids for such excited
or driven cavity states is still at its infancy. In partic-
ular, the gauge-invariant light-matter coupling is highly
non-linear, and a naive truncation can lead to unphysical
results [21, 34, 35]. In this paper, we use a quantum Flo-
quet formalism to examine the possibility of controlling
competing phases by creating highly entangled electronic
and photon states in quantum materials. We show that
the ground state of the cavity-coupled attractive Hub-
bard mode features entangled electronic order and pho-
ton coherence, with an enhancement of the charge den-
sity wave (CDW) order. With appropriate protocols, it
is possible to selectively enhance CDW, s–wave and even
η–pairing superconductivity (SC) [36] by creating more
photons in the cavity. The conclusions are confirmed
with the exact diagonalization of 1D Hubbard chains.
Quantum Floquet formalism. We consider a half-
filled attractive Hubbard model coupled to a photon
mode with polarization ep. For simplicity we consider
the 1D case, with ep parallel to the chain. (The formal-
ism presented below is independent of dimensionality.)
The Hamiltonian reads
Hˆ = −t0
∑
〈ij〉σ
eiφˆijc†iσcjσ − U
∑
i
ni↑ni↓ + Ωa†a, (1)
where φˆij = A·dij = gξij(a+a†) is the Peierls phase with
bond dipole dij and vector potential A = epA0(a+ a
†),
i.e., ξij = 1 for hopping parallel to the polarization and
is −1 for the anti-parallel direction, and g = |dij |A0 is
the dimensionless coupling parameter. The correspond-
ing electric field is, as usual, E = iepΩA0(a− a†). Note
that the above Hamiltonian is explicitly gauge-invariant
and retains all the higher-order coupling terms, including
the so-called diamagnetic term (A2) [21].
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2For g = 0, the model features degenerate ground states
of CDW and s–wave SC order, due to the SO(4) symme-
try. The fate of the intertwined CDW and SC orders is al-
tered by the cavity-mediated interaction, which is studied
in a Floquet-like formalism below. The latter is similar
in spirit as some recent works [30–32], but will be for-
mulated more explicitly in a photon-number basis. We
expand the Hamiltonian (2) in the photon number basis
Hˆ =
∑
nm(Iel⊗|n〉 〈n|)Hˆ(Iel⊗|m〉 〈m|) = Hnm⊗|n〉 〈m|,
where Iel is the identity operator in the electronic Hilbert
space, and introduce the quantum Floquet matrix
Hnm = H0nm − (U
∑
i
ni↑ni↓ + nΩ)δnm
with H0nm = t0
∑
〈ij〉σ
i|n−m|ξn−mij jn,mc
†
iσcjσ, (2)
where 〈n|eiφˆij |m〉 = i|n−m|ξn−mij jn,m represent the ma-
trix elements of the Peierls phase. They can be evaluated
as a finite sum [37],
jn,m = e
−g2/2
m∑
k=0
(−1)kg2k+|n−m|
k!(k + |n−m|)!
√
n!
m!
m!
(m− k)! , (3)
for n > m and jn,m = jm,n. The expression for Hnm
resembles the Floquet matrix Hamiltonian [38], but un-
like the latter it is not translationally invariant in the
photon index (H0nm 6= H0n+`,m+`), and the indices are re-
stricted to n,m ≥ 0. Nevertheless, in the semi-classical
limit n,m → ∞ with g√n finite [31], jn,m converges to
the Bessel function J|n−m|(2g
√
n), so that Eq. (2) re-
covers the Floquet Hamiltonian (appendix). Moreover,
similar to the Bessel functions, the function jn,m decay
super-exponentially as |n−m| → ∞, which decouples the
quantum Floquet bands for large |n−m| and allows for
efficient numerical evaluations.
Strong coupling expansion. The quantum Floquet
Hamiltonian, similar to the classical Floquet approach,
provides an intuitive picture of the underlying physics.
For example, the hopping of an electron can result in
a shift of the quantum Floquet index n, correspond-
ing to the emission or absorption of photons. Techni-
cally, this allows for a systematic strong coupling expan-
sion. Assuming off-resonance Ω 6= U , the low-energy
physics of (2) in the limit U  t can be captured by
an effective pseudospin model [27, 28] from a Schrieffer-
Wolff transformation. When projected to a given pho-
ton number sector n, the effective Hamiltonian reads
Heffnn =
∑
l P0H0n,n+lP1H0n+l,nP0/(U + lΩ), where Pi is
the projection operator to the subspace of i electronic
excitations. One obtains
Heffnn =
1
2
JSCex
∑
〈ij〉
(η+i η
−
j + h.c.) + J
CDW
ex
∑
〈ij〉
ηzi η
z
j , (4)
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FIG. 1. Spatial correlation of charge (C(0, i)) and supercon-
ducting (P (0, i)) order for increasing photon coupling g, for
U = 8.0t0 and Ω = 6.0t0. The dashed line in the lower panel
shows the absolute value |C(0, i)| at g = 0 for comparison.
The inset shows the photon occupation Nph = 〈a†a〉 and 〈a2〉,
scaled with L = 6, . . . , 10.
where the η–pseudospin is defined as
η+i = (η
−
i )
† = (−1)ic†i c†j ,
ηzi = (ni − 1)/2, (5)
so η± represents pairing and ηz corresponds to charge. In
the uncoupled (g = 0) case JSCex = J
CDW
ex = Jex = 2t
2
0/U .
For g 6= 0, the exchange coupling contains contribu-
tions from all virtual hopping processes with interme-
diate states in different photon-number sectors (labeled
by l) and the processes associated with JSC and JCDW
capture different phase factors [28],{
JSCex
JCDWex
}
= Jex
∞∑
l≥−n
{
(−1)l
+1
}
jn,n+ljn+l,n
1 + lΩ/U
. (6)
The full strong-coupling model also contains a
pseudospin-photon coupling which is off-diagonal in the
photon number (see below), but for Ω Jex, transitions
between photon sectors are suppressed and the electronic
configuration is determined by Eq. (4) for fixed n.
Entangling orders with vacuum fluctuations. In
the cavity ground state (n = 0) the induced interac-
tion exclusively enhances JCDW and suppresses JSC ir-
respective of the values of U and Ω, because jl,0 =
3e−g
2/2gl/
√
l! > 0. The relevant factor e−g
2/2 is due
to the cavity-induced dynamical localization [31]. This
behavior is dramatically different from classical Floquet
driving, where a blue-detuned light (Ω > U) enhances su-
perconductivity [28, 29, 39]. To confirm this prediction
from the effective pseudospin model, we solve the original
Hamiltonian (1) using exact diagonalization (ED). The
ground state is obtained with the Lanczos algorithm, as-
suming half-filling and Sˆz = 0. Fig. 1 shows the charge
and pairing correlation functions C(0, i) = 〈ηz0ηzi 〉 and
P (0, i) = 12 〈η+0 η−i 〉 for a chain of L = 10 with open
boundary condition. At g = 0, both functions have iden-
tical magnitude. As g increases, a staggered CDW corre-
lation is continuously enhanced, while SC is suppressed.
The same qualitative behavior is observed for Ω > U , al-
though the effect is weaker due to a larger denominator
1/(U + lΩ) in Eq. (6). This confirms our analytic theory.
Another intriguing aspect is the emergent light-matter
mixing. Indeed, the photon occupation Nph = 〈a†a〉
scales almost linearly with system size L (Fig. 1 inset),
implying a macroscopic 〈a†a〉 ∼ L in the thermodynamic
limit, or a superradiant phase [40]. In the strong coupling
picture, the light-matter entangling comes from two facts:
(i) In the Schrieffer-Wolff transformation, photon oper-
ators are dressed, and the photon number n in Eq. (4)
differs from the bare 〈a†a〉. The non-zero 〈a2〉 shows that
the dressed zero-photon state has some squeezed charac-
ter (though 〈a〉 = 0). (ii) Moreover, when we restore
the photon operators in the Hamiltonian [31], up to first
order in g one gets a (somewhat expected) Dicke-type
coupling geff i(a − a†)
∑
〈ij〉 ξij(ni − nj), where geff is of
order gt20/U . For an open chain the total charge polar-
ization P = n0 − nL−1 therefore couples to the electric
field ig(a− a†) [29, 41]. CDW configurations with P > 0
(n0 = 2, nL−1 = 0 in the extreme case) and P < 0 thus
entangle with the photon states of 〈E〉 ∝ ±ep, which
explains the behavior observed in Fig. 2.
The light matter entangling motivates us to high-
light an intriguing consequence: after a projective mea-
surement of the field amplitude (with projection ΠA =
|iA〉 〈iA| on a coherent state), the matter is left in states
of different charge polarization P (Fig. 2). The light-
matter coupling obviously displaces the coherent ampli-
tude and induces two symmetric peaks A ∼ ±1 (see panel
(a)), corresponding to two degenerate CDW states of op-
posite charge polarization P . While the global system
does not break the symmetry, the light-matter wave func-
tion has its weight centered at contributions which sepa-
rately break the symmetry in the matter, and are aligned
with a corresponding field configuration [42].
Enhanced SC in the few-photon regime. To ex-
plore the possibility of selectively enhancing different or-
ders, we now turn to the case of a driven cavity. Physi-
cally, we address this regime by injecting a finite number
n of photons into the cavity. The key difference between
n = 0 and n > 0 in the couplings Eq. (6) is the existence
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FIG. 2. Entanglement of the electronic order and photon co-
herent states. (a) Difference of probability p(A) = Tr(ρGΠA)
for varying g and the uncoupled case (g = 0). ρG = |GS〉 〈GS|
is the ground state density matrix. The values are normal-
ized by 1/L. (b) Charge polarization when measured in the
projected state, i.e. P (A) = Tr[(n0 − nL−1)ρGΠA]. Colors
from blue to red indicate coupling g = 0.0, 0.1, . . . , 0.5.
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FIG. 3. The selective enhancement of different orders in the
presence of one photon. The color represents the value of
JSCex and J
CDW
ex normalized by the uncoupled Jex(0) = 2t
2
0/U .
The exchange coupling is enhanced in the red region and sup-
pressed in the grey region. In particular, the exchange cou-
pling changes its sign in the blue region.
of intermediate states with l < 0 (photon absorption),
which contribute negative denominators 1 + lΩ/U . Even
the presence of a single photon allows the selective en-
hancement of CDW and SC orders, see Fig. 3. In general,
the CDW is enhanced in the red-detuned regime, while
the SC is enhanced in the blue-detuned regime. More
interestingly, there is a wide regime (though being close
to the resonance Ω ∼ U) where the exchange coupling
changes its sign. In this case, a negative JSCex favors the
staggered, or η–paired superconductivity [28, 43, 44], and
a negative JCDWex leads to a trend of charge segregation,
where doublons tend to stick together and repel holons.
The same qualitative physics is found for more photons
Nph ≥ 2.
In a real experiment, the multi-photon regime is real-
ized through driving with an external laser field, which
does not necessarily lead to a Fock state. However, the
fine control of cavity photon number is supported by the
strong non-linear effects of light-matter coupling. Specif-
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FIG. 4. The evolution of charge and pairing correlations un-
der the injection of one photon. The red curves represent the
red-detuned case Ω = 0.5U while the blue curves represent
the blue-detuned case Ω = 1.5U . The dashed line represents
the initial state g = 0.0 (ground state without light-matter
coupling). The inset shows the quench profile of coupling g
from 0.0 to 1.0 and the evolution of photon number in the cav-
ity. The shaded area covers the region of Nph(t) ± ∆Nph(t)
where ∆Nph = 〈a†aa†a〉−〈a†a〉2 is the uncertainty of photon
number.
ically, the injection of one photon into the cavity modifies
the “internal state” of the cavity-matter system, chang-
ing the energy cost of injecting a second photon (ap-
pendix). The external driving can, therefore, be made
resonant with selected photon numbers.
To numerically study the few-photon regime, we start
with the uncoupled case (g = 0) and prepare the matter
in its ground state and the cavity in a photon-number
state (|n = Nph〉). The coupling g is then turned on
adiabatically. When the resulting state is protected by
a gap, the adiabatic theorem guarantees that it is the
lowest-lying state within the subspace n = Nph. In gen-
eral, the final state can mix with other photon-number
sectors and should approximate the in-state of the cor-
responding quantum scattering problem. We solve the
time-evolution of the cavity-coupled Hubbard chain of
L = 8 using a Krylov-space algorithm for iteration num-
ber 80. The coupling g is raised to a very large value
g = 1.0 for demonstration.
The result is shown in Fig. 4. As g is turned on,
the photon number drops from Nph = 1 to 0.953 for
Ω = 1.5U (blue-detuned) and to 0.826 for Ω = 0.5U (red-
detuned). In contrast to the ground state, the CDW be-
comes significantly suppressed while the SC is enhanced
for the blue-detuned cavity. Thus, an entangled photon-
order state distinct from the equilibrium is dynamically
created by driving. In the red-detuned case the CDW or-
der is again enhanced, but, instead of a strong suppres-
sion, the pairing correlation is turned into a staggered
form, i.e., the η–pairing SC. Although the η–pairing is ex-
pected in some parameter regime due to the sign reversal
of JSCex , the exchange coupling is predicted to be almost
zero in the calculated case. Instead, the production of
η–pairing should be attributed to the photon absorption
(see the inset of Fig. 4), which pumps up η–paired states
due to a selection rule imposed by the SO(4) symmetry
[45, 46].
Remarks on the BCS limit. So far we have concen-
trated on the strong coupling or BEC limit [27], where
projecting out higher excited states is justified. One
can nevertheless integrate out the photon mode with-
out projecting to the sector of zero electronic excita-
tion in the limit Ω  t0, which results in the simplified
Heffnn = Hnn +
∑
lH0n,n+lH0n+l,n/lΩ. In particular, this
induces a next-to-nearest-neighbor (NNN) hopping and a
two-site interaction I1(η
+
i η
−
j +h.c.)+2I2η
z
i η
z
j +2I2Si ·Sj ,
with coefficients I1 =
∑
l>−n,l 6=0 jn,n+ljn+l,n/lΩ and
I2 =
∑
l>−n,l 6=0(−1)ljn,n+ljn+l,n/lΩ, leading to quali-
tatively similar physics as described in the BEC limit.
Note that the cavity also induces a long-range interac-
tion close to the ground state, which is, for the lowest
order, of current-current type [18]. This may complicate
the scenario in certain parameter regimes. A system-
atic examination in this regime as well as the BCS–BEC
crossover is reserved for the future.
Conclusion. The coupling to an optical cavity pro-
vides a powerful toolbox to simultaneously manipulate
intertwined orders in solids and engineer the cavity pho-
ton mode. In this paper, we demonstrate the concept us-
ing a minimal model of competing CDW and SC orders,
the cavity-coupled attractive Hubbard model, solved by
an analytic theory based on the quantum Floquet for-
malism, and then confirmed by exact diagonalization for
1D chains. It turns out the vacuum fluctuations become
entangled with the electronic ordering and enhance ex-
clusively the CDW order, giving rise to a putative su-
perradiant condenstate for large system sizes. This dif-
fers dramatically from the Floquet-engineering scenar-
ios. By injecting few photons in the cavity, one can fur-
thermore selectively enhance different orders, including
CDW, s–wave SC, and η–pairing SC in different param-
eter regimes.
The manipulation of intertwined orders originates from
a renormalization of the short-range exchange interac-
tion, and can be detectable in some transition metal com-
pounds, e.g., cuprates and iridates [47, 48]. Fermionic
cold atom systems are promising candidates for showing
the photon-order entanglement [49]. The quantum Flo-
5quet formalism provides a natural framework to unify the
quantum driving and the classical Floquet scenarios [50],
and can be combined with established numerical meth-
ods, such as dynamical mean-field theory and its exten-
sions [38, 51, 52] to describe more complicated systems
[53, 54]. We have concentrated on the adiabatic driv-
ing regime, while non-adiabatic processes can enhance
the dynamical generation of entanglement, opening up
further chances of quantum light engineering. To study
these effects, a full description of the dissipative cavity is
necessary [23, 55].
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7Appendix
The evaluation of quantum Floquet matrix Hamiltonian
In this section we show the evaluation of 〈n| eiφˆij |m〉. We use the Baker-Hausdorff formula exp(X + Y ) =
exp(X) exp(Y ) exp(−[X,Y ]/2) when [X,Y ] is a c-number, then Taylor expand the exponential factor and reorder
the sum,
eiξijg(a+a
†) = eiξijga
†
eiξijgae−g
2/2
= e−g
2/2
∑
kk′
(igξija
†)k(igξija)k
′
k!k′!
= e−g
2/2
[∑
k
(−1)kg2k
k!k!
(a†)kak +
∑
l>0
∑
k
(−1)kg2k
k!(k + l)!
(
(igξij)
l(a†)k+lak + (igξij)l(a†)kak+l
)]
=
∑
l
i|l|ξlijJˆl. (7)
Here we have defined
Jˆl ≡ e−g2/2
∑
k
(−1)kg2k+|l|
k!(k + |l|)!
{
(a†)k+|l|ak, l ≥ 0
(a†)kak+|l|, l < 0
. (8)
This functional satisfies Jˆ †l = Jˆ−l. We can, therefore, evaluate the quantum Floquet Hamiltonian and define jn,m =
〈n| Jˆn−m |m〉. For n > m one obtains
jn,m = e
−g2/2
m∑
k=0
(−1)kg2k+|n−m|
k!(k + |n−m|)!
√
n!
m!
m!
(m− k)! , (9)
and similarly for n < m
jn,m = e
−g2/2
n∑
k=0
(−1)kg2k+|n−m|
k!(k + |n−m|)!
√
m!
n!
n!
(n− k)! . (10)
The jn,m function is a finite sum which can readily be evaluated. As discussed in the main text, for |n −m| → ∞,
jn,m decays as g
|n−m|/
√|n−m|! so that the coupling between different quantum Floquet bands quickly decays to
zero as |n−m| increases.
The cavity to Floquet crossover in the semiclassical limit
In this section we explicitly show how the quantum Floquet Hamiltonian continuously converges to the Floquet
Hamiltonian. This is essentially the crossover from quantum driving by fluctuations to semiclassical driving by a
coherent classical field. We will follow the physical intuition of Ref. 31. Under periodic driving, where the classical
vector potential A cos Ωt coupled through the Peierls phase eiξijA cos Ωt, the corresponding Floquet matrix Hamiltonian
reads [38],
HFnm = −t0
∑
〈ij〉σ
i|n−m|ξn−mij J|n−m|(A)c†iσcjσ +
(
U
∑
i
ni↑ni↓ + nΩ
)
δnm, (11)
where Jl(x) is the lth Bessel function of the first kind,
J|l|(x) =
∑
k
(−)k (x/2)
2k+|l|
k!(k + |l|)! . (12)
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FIG. 5. The convergence of jn,m to the Bessel function Jl(A) under the semiclassical limit. The amplitude is A = 2g√n.
Back to our quantum Floquet formulation, in the semiclassical limit n → ∞ and g → 0, with 2g√n = A. Suppose
l ≥ 0, the jn+l,n function reads
lim
n→∞ jn+l,n = limn→∞ e
−A2/8n
n∑
k=0
(−1)k(|A|/2)2k+|l|
k!(k + |l|)!
√
(n+ |l|)!
n!n|l|
n!
(n− k)!nk = J|l|(A). (13)
Note that (n+ `)!/n!→ n` under the limit. This restores the Floquet-driven case where the vector potential A ·dij is
replaced by a Peierls phase ξijA cos(Ωt). This limiting behavior is shown in Fig. 5. In the ground state the relevant
photon-number sector is n = 0, the jl,0 functions reduce to jl,0 = e
−g2/2gl/
√
l!, which are plotted in Fig. 6. For fixed
g, jl,0 simply gives the weight of the photon state |l〉 after the Peierls phase acting on the vacuum state, which leads
to a coherent state, where |jl,0|2 is a Poisson distribution.
The light-matter coupling in the effective model
Under the strong-coupling expansion, the unperturbed electronic states |s〉’s (eigenstates of HU ) mix with different
photon-number sectors according to the second-order perturbation theory in t0/U . This introduces entanglement
between electrons and the quantum light. Furthermore, when the CDW order is considered, one obtains further
effective coupling between CDW and the electric field E = igΩep(a− a†).
As a heuristic method, we compute approximately the effective Hamiltonian at the strong U limit (U  Ω, t0). By
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FIG. 6. The function jl,0(2|g|) for the dark cavity.
projecting out electronic excitations, the effective Hamiltonian within the nth photon-sector reads
Heffn+1,n =
∑
m
P0H0n+1,mP1H0m,nP0/U
≈ P0H0n+1,nP1H0n,nP0/U + P0H0n+1,n+1P1H0n+1,nP0/U
≈ g 2t
2
0
U
i
√
n+ 1
∑
〈ij〉
ξij(η
z
i − ηzj ) (14)
and similarly for Heffn,n+1. To restore the photon operators, we re-sum H
eff ≈ ∑n(Heffn+1,n ⊗ |n+ 1〉 〈n| + h.c.) and
identify a† =
∑
n
√
n+ 1 |n+ 1〉 〈n|. Using the notation of (4), one then obtains a light-matter coupling term with
the form igeff(a− a†)
∑
〈ij〉 ξij(η
z
i − ηzj ). Recall ηzi = (ni − 1)/2, the term turns out to be igeff(a− a†)(n0 − nL−1) for
an open Hubbard chain of site number L. This term should be responsible for the double-peak structure shown in
Fig. 2.
There is another linear coupling term, which couples A with pair current i(ηxi η
y
j − ηyi ηxj ), but igeff(a −
a†)
∑
〈ij〉 ξij(ni−nj) should be the relevant term in the regime where CDW fluctuations are enhanced by the coupling
to the cavity.
Nonlinearity in the photon states
To demonstrate the nonlinearity in the photon spectrum, we have computed all of the eigenvalues for the cavity-
coupled Hubbard chain of L = 6. In this section, we give more details on the energy spectrum. The energy eigenvalues
are shown in Fig. 7 for the blue-detuned cavity and in Fig. 8 for the red-detuned cavity. In the blue-detuned case,
due to the relatively larger Ω, the few-photon states are rather protected by an energy gap and the photon number
Nph = 〈a†a〉 of the excited states is relatively discrete, taking values around the integers. Interestingly, the first
photon gap 0→ 1 seems less robust, due a photoemission-like process where mobile electronic excitations are formed
upon the absorption of a photon.
On the other hand, for the red-detuned case, there is a clear gap between Nph = 1 and Nph = 0 states, since the
energy of one photon is well below U . However, the two-photon state appears to strongly mix with the electronic
excitations, leading to superpositions of different photon-number sectors. Strictly speaking, in the large coupling
regime g ∼ 0.4, the 1 → 2 photon gap is not completely well-defined because U = 2Ω indeed satisfies the resonance
condition. This results in the dramatic change in the 1 → 2 curve in Fig. 9. After all, the one-photon engineering
regime appears to be well-defined, and should be accessible from an adiabatic injection of photons into the cavity.
By picking up the lowest-lying states in each photon-number sector, we show the effective photon gap in Fig. 9. In
practice, due to the mixing between different photon-number states, we have actually set a photon number threshold
Nph = 0.5 (1.5) for the one-photon (two-photons) state. This turns out to give reasonable results at least for not-too-
large coupling g.
10
-25
-20
-15
-10
-5
 0
 5
E
 0
 0.5
 1
 1.5
 2
FIG. 7. The energy spectrum of L = 6 Hubbard chain coupled to the blue-detuned cavity (Ω = 1.5U). The color represents the
photon number Nph. The arrows label the eigenstates picked up in the Fig. 9. The four panels correspond to g = 0.1, 0.2, 0.3, 0.4
from left to right, respectively.
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FIG. 8. The energy spectrum of L = 6 Hubbard chain coupled to the red-detuned cavity (Ω = 0.5U). The color represents the
photon number Nph. The arrows label the eigenstates picked up in the Fig. 9. The four panels correspond to g = 0.1, 0.2, 0.3, 0.4
from left to right, respectively.
 0.98
 1
 1.02
 1.04
 1.06
 1.08
 1.1
 1.12
 0  0.1  0.2  0.3  0.4  0.5
∆(
g) 
/ Ω
g
0 -> 1
1 -> 2
0 -> 1
1 -> 2
FIG. 9. The shift in photon energy gaps due to light-matter coupling. The energy gaps are obtained by picking up the lowest-
lying eigenstates with photon-number n = 0, 1, 2 and evaluating the energy difference for an L = 6 cavity-Hubbard chain. The
red (blue) curves correspond to Ω/U = 0.5 (Ω/U = 1.5). In the red-detuned regime, the n = 2 sector strongly mixes with
electronic excitations, resulting in dramatic changes in the 1→ 2 curve for larger coupling.
